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In their book ‘Tilings and Patterns’ Grilnbaum and Shephard have defined when two 
k-chromatic tilings are homeochromatic. Furthermore, they describe a procedure for determin- 
ing the homeochromatic types which is based on the notion of a color-incidence symbol. In this 
paper we propose another algorithm to solve the above classification problem. Our point of 
view is a purely algebraic one. In the first part of this article we translate the problem into a 
question about certain subgroups of plane crystallographic groups. In the second part, we 
indicate how this question can be answered efficiently by a computer. In fact, we have 
implemented our algorithm on a personal computer and, as an illustration of our method, we 
have determined all homeochromatic classes of k-chromatic tilings for k c 12 and the classes of 
all perfectly k-colored isohedral tilings which admit a proper rotation as a symmetry preserving 
all colors. 
1. The translation into group theory 
Throughout this note, we use the notations and definitions of [5] without any 
further comments. In [5, chapter 81, Grtinbaum and Shephard call two k- 
chromatic tilings (.Y, x) and (S’, x’) homeochromatic provided there is a 
homeomorphism Q, of the plane and a permutation u of the set {1,2, . . . , k} 
such that 
Hl 47~==‘whererp~={~TITE~} 
H2 qS(~)q-’ = S(Y) in the group of homeomorphisms of the plane. 
H3 (x’ . q)(T) = (a * x)(T) for all T E 9. 
Furthermore, they show that (9, x) and (S’, x’) are homeochromatic if and only 
if the following purely combinatorial conditions are satisfied: There is an 
isomorphism h : ~(9) +- E(F) of partially ordered sets (see [5, p. 1681, for the 
definition of e(q) and a permutation o such that hS(S)h-’ = S(F) and 
x’ - h = u - x. Here S(9) and S(S’) are considered as subgroups of the 
automorphism groups of ~(9) and E(Y) via the identification s wsE (see [5, p. 
3381). 
Instead of k-chromatic tilings we have to look at ‘pointed’ k-chromatic tilings 
(9, x, TO) consisting of a k-chromatic tiling (Y, x) and a distinguished tile TO in 
Y. We call two such triples (3, x, TO) and (Y’, x’, T6) homeochromatic if there 
exist a homeomorphism ~1 with VT, = TA and a permutation o such that Hl, H2 
and H3 hold true. 
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Lemma 1. (a) For any natural number k, the map (Y, x, TO) H (3, x) induces a 
bijection between the homeochromutic classes of pointed k-chromatic tilings and of 
k-chromatic tilings. 
(b) If (3, x, To) is a pointed k-chromatic tiling and 9’ an isohedrul tiling which 
is homeomeric to 3 and contains the tile T& then there is u pointed k-chromatic 
tiling (Y, x’, Th) which is homeochromutic to (9, x, TO). 
Proof. (a) Clearly, the given map induces a surjection between the homeochro- 
matic classes. To prove the injectivity, let (5, x, TO) and (S’, x’, TA) be given 
such that (9, x) and (S’, x’) are homeochromatic. Choose a homeomorphism Q, 
and a permutation o such that Hl, H2 and H3 are satisfied. By the definition of a 
k-chromatic tiling, there is a color symmetry (s, 6) of (S’, x’) such that 
sqT, = T&. Of course, 9’ = s - cp is a homeomorphism and u’ = 6 * CT is a 
permutation. Furthermore, we have q’Y= Y’, q’S(Y)v’-’ = S(P) and 
x”Ql’=x’.s.pl=6 . xl . Q1= (j . 0. x = 0’ . x. Therefore, (3, x, To) and 
(9, x’, T$ are homeochromatic. 
(b) Since Y and 3’ are homeomeric, there is a homeomorphism Q, satisfying 
~9 = 9’ and qS( 9)~~1 = S( S’). Define x’ = x * q-l. Then one easily verifies 
that (S’, x’) is a k-chromatic tiling. Furthermore (5, x) and (S’, x’) are 
homeochromatic. By part (a), (Y, x, TO) and (S’, x’, TA) are so, too. 0 
To enumerate the homeochromatic classes of k-chromatic tilings we will need a 
handy criterion to decide when two triples (Y, x, TO) and (9, x’, TO) with the 
same underlying tiling and the same distinguished tile are homeochromatic. To 
this end, we translate the problem into group theory and we introduce some 
notations and definitions. We denote by W the automorphism group of the 
partially ordered set E(Y). The following subgroups of W will be important: 
Z : the stabilizer of TO in W. 
N : the normalizer of S(9) in W, where S(JI) is interpreted as a 
subgroup of W via s ++sE. 
S,(T) : the set of elements in S(Y) c W, which induce a permutation of 
the colours of (3, x). This group is denoted by &( 9) in [5]. 
ko,m : the set of elements in S,(.T), which fix the color of TO. 
Furthermore, we are led to consider the set 9” of pairs (H, HI) consisting of those 
subgroups HI c H of S(Y), such that H acts transitively on the tiles of 3 and HI 
has index k in H and contains H n I. The set 9 is partially ordered by 
(H, HI) G (H’, Hi) if and only if H c H’ and HI c Hi. Using all these notations, 
our key observation reads as follows: 
Theorem. Let .Y be an isohedrul tiling with distinguished tile TO in 3 
(a) The mup (3, x, To) ++= V,(T), S,,,,(V) iv a bijection between the set of all 
pointed k-chromatic tilings (Y, x, TO) and the maximal elements of 8. 
Homeochromatic classes of k-chromatic tilings 19 
(b) Two triples (3, x, TO) and (F, xl, TO) are homeochromatic if and only if 
there is an element g in N fl I such that 
&(O-’ = Wfl and s~,~,~(O- = %&O 
Proof. (a) First of all, we observe that any pair (H, H,) E 9 and any bijection 
6 : H/H,+ {1,2, . . . ) k} give rise to a pointed k-chromatic tiling (5, x = 
x(H, 4, a), G). Namely, we have canonical maps (Y : H/H fl I+ Y and 
Ed : H/H fl I+ H/H, given by cu(h(H II I)) = hT, and ;rc(h(H fl I)) = hH,. Here, 
cx is bijective because H acts on 3 transitively. If we define x = 6 . JC . (Y-’ it 
follows easily that H acts by color-symmetries. Therefore (3, x, TO) is a pointed 
k-chromatic tiling. Note however that in general S,(F) will contain H as a proper 
subgroup. But if (H, HI) is maximal in 9 then we have (H, HI) = 
(&(~), ~x~~,(~)). Th is shows already that the image of the map (3, x, TO) H 
(%(F)7 %bP)) contains all maximal elements in 9’. 
Now, let (3, x, TO) be a k-chromatic tiling. Then S,(F) acts transitively on Y 
and SXC,(S) is a subgroup of S,(Y), which contains S,(5) fl I. To go on, we 
consider the commutative diagram 
y^ {1,2,...,k} 
It is easy to verify that these three maps are well-defined and that LY and p are 
bijective. In particular, S,,,,(Y) has index k in S,(Y). To see that 
(&CO %76,(0 is maximal in 9, choose (H, HI) E 9 with (S,(Y), SXo,(Y)) c 
(H, HI)_ Then we get a commutative diagram 
W-)/(W) i-l 0 A UW(~x(7@)) 
! a’ 
I 
’ B’ 
I 
HI(H n I) A H/H, 
where CY’ and /3’ are induced by inclusions and 3t’ is the canonical map. Now, (Y’ 
is injective for obvious reasons and surjective because of H = S,(Y). (H n I) 
(given h E H, there is an element h’ E S,(3) such that hT, = h’T,, i.e. h”= 
h’-‘.hEHnZ and h=h’-h”). Th us, p’ is surjective by the commutativity of 
the diagram and therefore injective by reasons of cardinality. Now, the pointed 
k-chromatic tiling described in the first part of this proof which is given by 
(H, HI) and 6 = /3 - /3’-’ coincides with our given (9, x, TO). Therefore H acts by 
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color-symmetries. We conclude that H = S,(T), and then that ZZi = SXo,(3) by a 
cardinality argument. This shows that (S,(F), S,,,,(Y)) is maximal in PP. 
The injectivity of the map (9, x, T’,) H (S,( 3), S,,.,(Y)) follows immediately 
from the first commutative diagram given in this proof, and the surjectivity has 
been shown already. This completes the proof of part (a). 
(b) First of all, we observe that there is a purely combinatorial description of 
homeochromatic pointed k-chromatic tilings: Two triples (Y, x, TO) and 
(S’, x’, T$ are homeochromatic if and only if there is an isomorphism 
g : E(T)+ ~(3’) and a permutation o satisfying gS(Y)g-’ = S(Y), x’ . g = u . x 
and gT, = T;. This criterion can be proved like the analogous statement for 
k-chromatic tilings mentioned in the beginning of this article. 
Now, let (Y, x, To) and (9, x’, To) be two pointed k-chromatic tilings. Suppose 
first, that they are homeochromatic. Then, by the above criterion, we have some 
element g E W and some permutation u such that gS(Y)g-’ = S(Y), gT, = To (i.e. 
g E N rl Z) and x’ * g = u * x. Given any element s E S,(Y), there is some 
permutation 6 such that x - s = 6 . x. We obtain 
This proves that gS,(Y)g-’ is contained in S,.(3). Similarly, one gets that 
g%ro,(Q? = &(To) (9). Interchanging the roles of (9, x, To) and (Y, x’, To) we 
obtain the desired result, that the pairs (S,(Y), S,,,,(Y)) and (S,.(9), S,.,,,(Y)) 
are conjugate under g E N fl 1. 
Suppose conversely, that the two pairs (&(Q &&T)) and 
&(~I)> q,,,(8) are conjugate under some element g E N rl 1. Then we look at 
the following commutative diagram 
Here, y and y’ are induced by conjugation with g and all other maps are the 
canonical ones which have been considered already several times before. The 
composition a’ . y - a-’ is nothing but g, whence x’ . g = o. x with u = 
p’ . y’ . /3-l. Since gS(Y)g-’ = S(3) and gT, = To also hold true, we have shown 
that (3, x, To) and (s, x’, To) are homeochromatic. 0 
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2. The algorithm 
In principle our algorithm to enumerate the homeochromatic classes of 
k-chromatic tilings works as follows: For each of the 81 types of isohedral tilings 
one chooses a fixed representative Y and a distinguished tile To. By Lemma 1 we 
only have to consider the possible k-chromatic tilings (Y, x, T,). In each case, the 
corresponding groups W, S(9), Z and N n Z can be determined easily. Note that 
W is always a plane crystallographic group, so that the necessary computations 
are easy (see [l, part IV]). Also, since H acts transitively on the tiles, its index in 
W is not greater than 12 ([l, part IV]). It follows that 9 is always a finite set. By 
the theorem, it only remains to determine the set & of maximal elements in 9 
and a subset 9 of representatives under the action of the finite group N tl I. Thus 
we have described a finite algorithm to solve our problem which can be 
implemented on a computer easily enough. However, it turns out that the set ‘9 
becomes rather big in some cases even if k is small (e.g for type IH76 and k = 4 
we have 191= 825, l&l= 217 and 191= 38). Therefore, we want to get % without 
knowing 9 and .&. This is made possible by a slight variant of the above 
procedure which depends on the next technical result. 
Lemma 2. Let 3 be a fixed tiling with distinguished tile TO. Suppose (H, HI) 
belongs to 9. Then the following conditions are equivalent: 
(a) (H, HI) is not maximal in 9. 
(b) There exists a cyclic subgroup U of S( Y) n Z which satisfies: 
(i) U is not contained in H n I. 
(ii) H - U = U - H and H, - U = U * HI (here A * B := {a. b( a EA, b E B}). 
(iii) U has at most four elements. Zf U has two or four elements, it normalizes 
Hand HI. 
Proof. (b) j (a): This direction is easy to show. In fact, condition (ii) says that 
H’ := H - U and Hi : = HI . U are subgroups of S(9). One verifies easily that 
H’ fl Z is contained in Hi and that the canonical map H/H,+ HI/H; is bijective. 
Thus (H’, Hi) E 9. By condition (i), (H’, Hi) is strictly greater than (H, HI). 
(a)+(b): Choose an element (H’, Hi) E 9 strictly greater than (H, HI) such 
that the index n := IH’IHI is minimal. Suppose there exists a subgroup fi with 
Hz&H’. Looking at a commutative diagram as given in the proof of the 
theorem, one easily verifies that (Z?, HI n 8) E C?? which contradicts the mini- 
mality of n. Therefore H is a maximal subgroup of H’. 
Next, we claim that n equals 2 or 3. This can be verified by examining the 
tile-transitive subgroups of the combinatorial automorphism groups of the eleven 
Laves-tilings which are classified up to conjugacy (see e.g. [l, part IV]). 
However, we also present a more conceptual proof of our claim. Namely, H and 
H’ are plane crystallographic groups. Since H is maximal in H’, either the linear 
or translational parts of H and H’ coincide. In the first case, our claim follows 
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from the fact that the linear part LH of H is a maximal subgroup of the linear 
part LH’ of H’, which embeds into a dihedral group of order 8 to 12. Thus we 
can assume that LH = LH’. The finite group LH acts by automorphisms on the 
translational parts TH’ of H’ and TH of H, whence on the abelian factor group 
A := TH’ITH. Since any LH-stable subgroup T with THSTZTH’ is normalized 
by H, one can look at the group H - T which satisfies H$H * TZH’. This 
contradiction shows that LH acts irreducibly on A. Moreover, for any prime 
number p the subgroup {a E A 1 pa = 0} is LH-stable so that A is annihilated by 
some prime p whence isomorphic to a vector space (iZ/pQm. Because TH’ is 
generated by two elements one has m ~2. On the other hand, we have 
(Al = IH’/HJ = I(H’ rl Z)l(H II Z)I = n. Since H’ fl Z embeds into LH’ = LH, we 
infer that n equals 2, 3 or 4. It remains to exclude the last case. Now, LH acts 
irreducibly on A = (h/2,??)2. This implies that the three nonzero elements in A 
form one single orbit so that [LH] is divisible by 3. Moreover, ILH] is also 
divisible by the order of a subgroup isomorphic to H’ fl Z, whence by 4. It follows 
that LH = LH’ is dihedral of order 12. Therefore H and H’ are of type P6M. 
Because of )H’ fl I) = 4)H fl I) no reflection in H fixes a tile of 3. Looking at the 
so-called group-diagram (‘Symmetriekarte’) of type P6M we infer that 9 is the 
tiling given by the lines of reflections in H, i.e. Y is of type IH77. Therefore, Z 
has to be trivial which is absurd. The proof of the claim is complete. 
NOW, we always have H’ = H - (H’ rl I) = (H’ rl I) - H and Hi = HI - (H’ rl 
Z) = (H’ n I) - HI. If IZ = 3 we take U to be generated by an element of order 3 in 
H’ nZ. Then U satisfies all our requirements. If IZ = 2 we have H Q H’ and 
HI Q Hi. It is easy to see that there is an element in (H’ n I)\ (H fl I) of order 2 
or 4. Again, the group U generated by this element is the group we are looking 
for. 0 
Now we can explain how the algorithm implemented by us really works. We 
start out from one basic topological fact, namely the topological classification of 
isohedral tilings by the eleven Laves-tilings (see [l, 51). The groups W which 
occur in our algorithm are precisely the combinatorial automorphism groups of 
the Laves-tilings. They are plane crystallographic groups which can be described 
by matrices with integer coefficients which represent some generators of W (see 
[l, part IV]). Also, the various stabilizers Z can be given in that way. Once these 
matrices are known almost everything else is done by the computer. Namely, 
given an isohedral tiling .Y its groups of symmetries S(J-) induces a tile-transitive 
subgroup of the automorphism group W of the corresponding Laves-tiling. 
Moreover, two topologically equivalent tilings are of the same isohedral type if 
and only if their groups of symmetries are conjugate in W (see e.g. [l, part III 
and IV]). This reduces the classification of isohedral tilings to the classification of 
conjugacy classes of tile-transitive subgroups of the various groups W, an easy 
task for a computer. There are 93 conjugacy classes, a result obtained earlier in 
more or less explicit form by Sinogowitz [7], Delone [2], Heesch [6], Griinbaum- 
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Shephard [4] and Dress-Scharlau [3] (see [l, part III] for more details). However, 
as observed by Grtinbaum and Shephard in [4], only 81 of these classes are 
coming from an isohedral tiling. The elimination of the twelve exceptions is the 
only thing that remains to be done by hand. By now, the computer ‘knows’ 81 
representatives 5 of the classes of isohedral tilings. Since we want to enumerate 
the homeochromatic classes of k-chromatic tilings for several values of k, we 
compute next in each case representatives H of the N n Z-orbits of tile transitive 
subgroups of S(Y). There are 277 possibilities. In each case we also compute the 
group N’ (depending on Y and H) consisting of those elements in N fl Z which 
normalize ZZ. Of course, all of this has to be done only once and the results 
obtained so far can be stored for ‘ever’. Given any natural number k, the 
computer determines in each of the 277 possible cases representatives Z-Z1 of 
N’-orbits of subgroups of H which have index k and contain H n 1. Finally, using 
Lemma 2 the maximal pairs are computed. Still, the description of our algorithm 
just given is a little bit sketchy. For more details we refer the interested reader to 
our paper contained in [l], where we describe a similar algorithm. 
We have implemented our algorithm on a personal computer ATARI 1040 
STF. All the results listed in our tables have been obtained within a few hours. 
Therefore, it is clear that one can go on to more colors, as we did, if one really 
wants to do so. Then one should also use the fact that some of our 277 
possibilities never lead to maximal pairs (H, HI). For instance, looking at the 
Laves-tiling of type (36) the case W = S(Y) and H = TW never occurs, because H 
and each of its subgroups HI are normalized by the twofold rotation in I. A 
careful examination shows that 33 of our 277 possibilities can be eliminated. 
Of course, there is the problem of the correctness of our program. We admit 
that we have checked our numerical results only in some few cases by hand 
because this gets quite cumbersome. We think the best way to confirm our results 
is that some other mathematicians check them independently (and again by a 
computer). However, we already used the following somewhat surprising 
phenomenon to test our program: 
Lemma 3. For each value of k, the numbers of homeochromatic classes of 
k-chromatic tilings coincide for the following sets of isohedral types: 
(a) (IH2, IH3}, (IH5, IH6}, (IH12, IH14}, (IH13, IH15); 
(b) (IH30, IH38}, (IH31, IH39}, (IH32, IH40); 
(c) (IH33, IH34, IH36, IH37). 
Proof. Although this lemma was found by the computer the task to prove it still 
remains to us, unfortunately. 
We have to use the information given in Tabelle 2 of [ 1, part IV]), where each 
isohedral type is represented by a tile-transitive subgroup G of the group W of 
automorphisms of the corresponding Laves-tiling. We denote by Gi the group 
which belongs to type IHi in Tabelle 2. 
24 K. Bongartz, D. Mertens 
(a) Let us prove that the numbers of homeochromatic classes coincide for IH12 
and IH14. Let A be the matrix 
2 -1 
[ 1 1 0 E SUH). 
Then one verifies AG12Am1 = G14 and A(G12 n Z)A-’ = G14 rl I. It follows that 
conjugation with A induces a bijection between the maxima1 pairs (H, H,) of 
subgroups of G,, and those of G14. Since N rl Z is generated by Gj f~ Z and the 
twofold rotation in I in both cases, conjugation with A also induces the wanted 
bijection between the sets of N rl Z-orbits. The other three cases in part (a) can be 
proved in a similar way. 
(b) At first sight, it seems to be strange that there is such a close connection 
between isohedral types of different topological type. But from the group 
theoretic point of view, the Laves-tilings (3,4,6,4) and (3,12’) are intimately 
related as we will see immediately. 
So, let A be the affine transformation (R3, -e2). Then we have AZ2A-’ = Z, for 
the stabilizers II and Z2 of the distingushed tiles in the Laves-tilings (3,4,6,4) and 
(3,12*). Furthermore, we see that G30 = G3* and GX1 = GJ9 are normal subgroups 
of G3* = Gm. Since A is contained in all these groups, it follows immediately that 
in all three cases of part (b) conjugation with A induces the bijection we are 
looking for. 
(c) We start with a general remark. If G 1 G’ are tile-transitive subgroups of 
some group W, we denote by P(G, G’) the set of those pairs (H, H’) E 9 such 
that G’ c H, and by J!(G, G’) the subset of maxima1 elements in CP(G, G’). 
Given three tile-transitive subgroups G 3 G’ 2 G” we claim that the map 
(H, H,)-(H n G’, H, n G’) induces a bijection between &(G, G”) and 
&(G’, G”). Indeed, H fl G’ is tile-transitive because it contains G”. Therefore, 
we get H = (H fl G’) * (H n Z) which implies ((H fl G’)/(H, fl G’)( = (H/H,I. 
Obviously, HI fl G’ contains H fl G’ n 1. Finally, (H n G’, HI n G’) is maxima1 
in P(G’, G”) because H contains all color-symmetries (contained in G) belonging 
to the coloring defined by (H, HI) ( see the beginning of the proof of the 
theorem). Since this coloring coincides with the one defined by (H n G’, HI n 
G’) the map (H, H,) H (H fl G’, HI fl G’) is injective. It is surjective because any 
pair (H’, Hi) E &(G’, G”) belongs to C!i”(G, G”) so that it is smaller than some 
maximal pair (H, H,). This pair satisfies H n G’ = H’ and H, rl G’ = Zf; by the 
maximality of (H’, Hi) in P(G’, G”). 
Unfortunately, the nice bijection just described does not induce a bijection 
between the sets of conjugacy classes because the normalizers of G and G’ in W 
can be quite different. However, in the case of the Laves-tiling of type (3,6,3,6) 
all tile-transitive subgroups Gi, i E (33, 34, 36, 37}, are normal subgroups in 
W = G3,. Moreover, G33 is the unique minima1 tile-transitive subgroup. There- 
fore, in each case the set of all maxima1 pairs coincides with d(G,, G,,). Since the 
map (H, K)H(HnG,,, HI fl G,,) commutes with conjugation with any element 
in G37 n I, our claim follows. 0 
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To conclude this section, we want to point out that our algorithm does not only 
compute the numbers of the homeochromatic classes. For each class one also 
finds generators of a certain pair (H, Hi) representing this class. It should be 
possible to write a computer program which uses these informations as a recipe to 
produce a colored picture in each case. 
3. The tables 
This section contains the numerical results obtained by our computer program. 
We want to give only a short description of these tables. In Table 1 one finds in 
the kth column the numbers of homeochromatic classes of k-chromatic tilings 
(1 s k =S 12) for the different isohedral types. One verifies immediately the 
coincidences mentioned in Lemma 3. At the end of each table we give the total 
number of classes for the different Laves-tilings. 
Next, we were interested in perfectly k-colored isohedral tilings- the case 
S(Y) = H in our notation. If S(Y) is a minimal tile-transitive subgroup of W, 
then every k-chromatic tiling is perfectly colored. In Table 2 we have omitted the 
results for these cases. Again, the reader will find nice coincidences. Namely, the 
numbers of homeochromatic classes of perfectly k-coloured isohedral tilings are 
the same for the following sets of isohedral types: (IH12, IH14}, (IH13, IH15}, 
(IH32, IH40}, {IHlO, IHll}, (IH14, IH17}, and (IH18, IH20). The proof of the 
first three cases is easily derived from the proof of the corresponding statement 
for all k-chromatic tilings. The remaining three cases can be shown by the method 
used in the proof of part (c) of Lemma 3. 
In [l] our attention focussed on some special class of perfectly colored 
isohedral tilings: there should be a proper rotation contained in the group S(Y), 
which fixes all colors. This is only possible for the values of k given in Table 3, 
which contains our results. 
A colored tiling is defined to be regular, if any two tiles with a common edge 
have different colors (see also [l, part IV]). To check regularity, we have to 
consider the distinguished tile To and the set X of those elements s E W such that 
T, and ST, have a common edge, the so-called ‘Nachbartransformationen’ (see 
[6]). This is always a finite set consisting of at most 72 elements. Now, for any tile 
T E 9 there exists a color-symmetry s E S,(Y) with ST, = T by definition of a 
k-chromatic tiling. Therefore, a k-chromatic tiling .Y is regular if and only if the 
group Q&J) does not contain any element of X. For each of the three 
different types of colored tilings considered above, we have determined the 
numbers of homeochromatic classes of regular tilings. The results are contained 
in the next three tables. Looking at Table 4, one supposes that in the case of the 
Laves-tiling (3,6,3,6) the numbers of classes for the different types of tilings 
coincide for each value of k. Indeed, this follows easily from the proof of Lemma 
3. In some other cases considered there, we found a bijection between the sets of 
N fl Z-orbits of maximal pairs (H, H,) induced by conjugation with a suitable 
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Table 1. Homeochromatic classes of k-chromatic tilings 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH 1 
IH 2 
IH 3 
IH 4 
IH 5 
IH 6 
IH 7 
IH 8 
IH 9 
IHlO 
IHll 
IH12 
IH13 
IH14 
IHlS 
IH16 
IH17 
IH18 
IH20 
1 1 2 3 2 3 3 5 4 4 3 8 
1 2 3 5 4 7 5 10 8 10 7 17 
1 2 3 s 4 7 s 10 8 10 7 17 
1 4 6 13 12 27 20 42 39 58 42 105 
1 3 5 9 8 15 11 26 20 28 17 57 
1 3 5 9 8 15 11 26 20 28 17 57 
1 - 2 2 - 1 3 - 5 - - 6 
1 3 5 11 10 23 18 37 35 52 38 96 
1 3 4 7 6 11 8 14 13 16 12 25 
1 1 3 4 2 4 5 s 8 4 3 13 
1 3 6 12 10 24 20 37 39 52 38 101 
1 3 4 7 6 12 8 1s 13 18 12 28 
1 4 7 15 14 33 23 56 46 74 47 143 
1 3 4 7 6 12 8 15 13 18 12 28 
1 4 7 15 14 33 23 56 46 74 47 143 
1 - 3 3 - 2 7 - 9 - - 12 
1 6 12 29 28 70 SO 125 105 172 112 338 
1 2 4 6 4 9 8 10 13 12 8 24 
1 3 8 16 14 35 26 64 53 82 48 174 
Laws-tiling (361 
Laves-ding (3*,61 
k= 1 1 2 3 4 5 6 7 8 9 10 11 12 
IH21 1 1 4 4 - 10 14 4 21 - - 43 
/ 
Laves-tiling (33,42) 
k=) 1 2 3 4 S 6 7 8 9 10 11 12 
IH22 
IH23 
IH24 
IH25 
IH26 
1 3 4 10 6 11 8 25 13 16 12 39 
1 5 8 20 18 43 32 75 65 100 72 191 
1 5 S 16 8 27 11 45 20 48 17 9s 
1 3 5 10 8 15 11 31 20 28 17 63 
1 7 10 29 22 66 38 107 79 150 82 286 
Laves-tiling (32.4,3,41 
k= 1 1 2 3 4 5 6 7 8 9 10 11 12 
IH27 - 1 
3 1 
2 3 7 5 12 7 24 15 24 11 Sl 
IH28 2 - 7 5 8 - 24 6 28 - 43 
IH29 1 3 3 11 10 16 7 39 18 46 11 84 
Homeochromatic classes of k-chromatic tilings 
Table 1 (contd.) 
Laves-tiling (3,4,6,4) 
k= 1 1 2 3 4 5 6 7 8 9 10 11 12 
27 
IH30 
IH31 
IH32 
1 1 3 3 - 8 - 3 14 - - 21 
1 1 3 3 - 8 7 3 14 - - 27 
1 1 4 4 - 10 7 4 21 - - 37 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH41 
IH42 
IH43 
IH44 
IH4S 
IH46 
IH47 
IH49 
IHSO 
IH.51 
IH52 
IHS3 
IH54 
IHSS 
IHS6 
IHS7 
IHS8 
IH59 
IH61 
IH62 
IH64 
IH66 
IH67 
IH68 
IH69 
IH71 
IH72 
IH73 
IH74 
IH76 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 2 4 3 s 3 7 5 7 4 11 
5 3 12 4 17 5 25 8 24 7 43 
3 3 6 4 9 5 11 8 12 7 19 
2 3 5 4 7 5 10 8 10 7 17 
3 3 a 4 9 5 17 8 12 7 27 
3 4 9 8 16 12 27 23 33 24 61 
5 6 16 12 31 20 49 39 64 42 117 
5 4 14 6 22 8 35 14 36 12 69 
7 5 21 8 35 11 54 20 60 17 113 
3 4 8 6 12 8 21 14 20 12 41 
2 2 5 3 7 4 12 a 12 6 22 
3 5 9 8 15 11 26 20 28 17 57 
7 S 25 8 35 11 76 20 60 17 141 
2 6 3 6 17 4 17 - 27 
3 9 8 - 26 6 18 - 31 
5 7 19 16 38 27 65 54 85 59 159 
7 8 2s 14 39 20 68 35 68 32 133 
2 2 4 3 6 4 8 7 9 6 13 
2 5 3 5 - 1.5 4 16 - 23 
6 7 23 18 43 27 79 57 100 59 182 
5 6 17 10 26 14 43 23 42 22 78 
5 8 20 16 40 26 70 51 86 52 168 
6 8 23 16 46 26 75 51 96 52 182 
3 4 7 6 12 a 15 13 18 12 28 
4 7 15 14 33 23 56 46 74 47 143 
3 2 9 6 12 4 27 11 29 6 52 
6 9 33 20 69 33 141 72 160 69 346 
3 2 8 6 10 4 21 10 24 6 35 
5 8 21 18 44 30 79 61 101 64 196 
6 IO 38 24 80 36 173 83 196 74 419 
Lave’stiling (4’) 
Laves-tiling (3,6,3,6) 
) 
Table 1 (contd.) 
Laves-tiling (3,lP) 
k= 1 1 2 3 4 S 6 7 8 9 10 11 12 
IH38 1 1 3 3 - 8 - 3 14 - - 21 
IH39 1 1 3 3 - 8 7 3 14 - - 27 
IH40 1 1 4 4 - 10 7 4 21 - - 37 
Laws-tiling (4.6.12) 
k= 1 2 3 4 S 6 7 8 9 10 11 12 
IH77 1 3 6 5 - 32 - 12 27 - - 94 
Law’stiling (4,8? 
k=) 1 2 3 4 5 6 7 8 9 10 11 12 
IH78 1 5 3 20 S 24 7 67 15 44 11 119 
IH79 1 3 - 10 S 8 - 31 6 28 - 51 
IH81 1 3 - 10 - 8 - 31 6 18 - 39 
IH82 1 7 3 33 10 36 7 127 24 90 11 206 
k= 1 2 3 4 .!i 6 7 8 9 10 11 12 
IH83 1 3 4 10 6 11 8 25 13 
IH84 1 3 4 10 8 18 14 33 26 
IH8.5 1 5 S 16 8 27 11 4s 20 
IH86 1 3 5 10 8 15 11 31 20 
IH88 1 1 4 3 - 7 7 3 14 
IH90 1 3 8 12 8 24 20 35 40 
IH91 1 7 10 29 22 66 38 107 79 
IH93 1 5 10 21 12 47 26 67 54 
16 12 
38 28 
48 17 
28 17 
38 28 
150 82 
88 38 
39 
75 
95 
63 
29 
104 
286 
202 
Laves-tiling (63) 
k= 1 1 2 3 4 5 6 7 8 9 10 11 12 
(36) 19 50 93 178 152 343 262 
(3’.6) 1 1 4 4 - 10 14 
(33 42) 
(32:4,3,4) 
5 23 32 85 62 162 100 
3 7 6 25 20 36 14 
(3.4.6.4) 3 3 10 10 - 26 14 
(3.6.3.6) 4 - 12 8 - 8 16 
(3.12’) 3 3 10 10 - 26 14 
(4’) 30 123 137 424 271 737 390 
(4.6.12) 1 3 6 5 - 32 - 
(4,8’) 4 18 6 73 20 76 14 
(6j) 8 30 50 111 72 21s 135 
553 
4 
283 
87 
10 
10 
1348 
12 
256 
346 
497 712 470 
21 - - 
197 342 200 
39 98 22 
49 - - 
28 - - 
49 - - 
783 1517 739 
27 - - 
51 180 22 
266 406 222 
1392 
43 
674 
178 
8s 
40 
85 
2953 
94 
415 
893 
Sum: 81 261 366 933 597 1671 973 2909 2007 3255 1675 6852 
---------=====----------===_==================================================== 
Table 2. Homeochromatic classes of perfectly k-colored isohedral tilings 
Laws-tiling (3Y 
k: 1 1 2 3 4 S 6 7 8 9 10 11 12 
IH 0 
IH 9 
IHlO 
IHll 
IH12 
IH13 
IH14 
IHlS 
IH16 
IH17 
IH18 
IH20 
1 12 3 2 3 3 5 4 4 3 8 
1 1 2 3 2 3 2 6 3 4 2 9 
1 - 1 1 - - 1 - 1 - - 1 
1 - 1 1 - - 1 - 1 - - 1 
1 1 2 3 2 2 2 5 3 2 2 6 
1 2 3 5 4 6 5 9 8 8 7 14 
1 12 3 2 2 2 S 3 2 2 6 
1 2 3 S 4 6 5 9 8 8 7 14 
1 - 2 2 - 1 - - 5 - - 5 
1 12322253226 
1 - 1 1 - - _ - 1 - - 1 
1 - 1 1 _ - - - 1 - - 1 
Laws-tiling (33,42) 
k= 1 2 3 4 S 6 7 8 9 10 11 12 
IH26 1 3 4 9 6 10 8 23 13 14 12 34 
Laws-tiling (3*.4.3.4) 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH29 1 1 - 3 - 4 - 9 3 6 - 10 
k= 
Laws-tiling (3.4.6.4) 
1 2 3 4 5 6 7 8 9 10 11 12 
IH32 1 1 2 2 - 6 - 2 7 - - 11 
I 
Laves-tiling (3.6.3.6) 
k= 1 1 2 3 4 5 6 7 8 9 10 11 12 
IH34 
IH36 
IH37 
1 - 2 - - 2 1 - 4 - - 5 
1 - 2 1 - 1 - - 4 - - 4 
1 - 2 - - 1 - - 3 - - 3 
Laves-tiling (3.12’) 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH40 1 1 2 2 - 6 - 2 7 - - 11 
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Table 2 (contd.) 
Laws-tiling (4’) 
k= 1 1 2 3 4 S 6 7 8 9 10 11 12 
IHS7 1 2 2 4 3 5 3 7 s 7 4 11 
IHS8 1 3 2 S 2 7 2 8 3 8 2 13 
IHS9 1 1 1 21214231s 
IH61 1 1 - 2 1 2 - 4 1 3 - s 
IH62 1 1 - 1 1 - - 1 1 1 - - 
IH64 1 3 2 s 2 6 2 7 3 6 2 10 
IH66 1 3 3 6 4 8 5 10 8 10 7 16 
IH67 1 3 3 7 4 8 S IS 8 10 7 22 
IH68 112322253226 
IH69 1 2 3 5 4 6 5 9 8 8 7 14 
IH71 1 1 - 3 - 3 - 7 2 4 - 8 
IH72 1 2 1 3 1 3 1 4 2 3 1 s 
1H73 1 1 - 1 - 1 - 2 1 1 - 1 
IH74 1 1 1 2 1 1 1 3 2 1 1 3 
IH76 1 1 _ 1 - - - 1 1 - - - 
I 
Laves-tiling (4,82) 
k=) 1 2 3 4 S 6 7 8 9 10 11 12 
IH82 1 3 - 9 - 4 - 23 3 6 - 26 
I 
Laves-tiling (63) 
k= 1 1 2 3 4 S 6 7 8 9 10 11 12 
IH90 1 1 - 1 - 1 1 1 - - - - 
IH91 1 3 4 9 6 10 8 23 13 14 12 34 
IH93 1 1 - 1 - 1 - 1 - - - - 
k= ) 1 2 3 4 S 6 7 8 9 10 11 12 
(3V 19 24 48 77 56 100 81 
(3’.6) 1 1 4 4 - 10 14 
(33 42) 
(32:4,3.4) 
S 19 26 65 46 106 70 
3 S 3 17 10 24 7 
(3,4.6,4) 3 3 8 8 - 22 7 
(3,6,3,6) 4 - 9 3 - 6 S 
(3.12’) 3 3 8 8 - 22 7 
(44) 30 81 69 207 107 288 13s 
(4,6,12) 1 3 6 5 - 32 - 
(4.8’) 4 14 3 49 10 44 7 
(63) 8 20 26 60 36 90 60 
163 
4 
199 
57 
8 
8 
so0 
12 
152 
162 
14s 
21 
131 
24 
3s 
18 
3s 
25s 
27 
30 
106 
168 118 339 
_ - 43 
206 130 422 
58 11 104 
- - 59 
_ - 22 
- - s9 
480 213 91s 
- - 94 
96 11 235 
144 86 33s 
Sum: 1 81 173 210 so3 265 744 393 1265 827 1152 569 2627 
I======= ===================;================================================== 
Homeochromatic classes of k-chromatic tilings 
Table 3. Homeochromatic classes of perfectly k-colored tilings, 
which admit a proper rotation as a symmetry preserving all colors 
k= 1 2 3 4 6 8 12 16 24 Sum 
IH 4 
IH 5 
IH 6 
IH 7 
IH 8 
IH 9 
lHl0 
lHl1 
IH13 
IHl5 
1Hl6 
IH17 
IHl8 
IH20 / 
r 
1 3 - 1 - - - - - 
1 1 _ 1 - - - - - 
1 1 - 1 - - - - - 
1 _ 1 - - _ - - - 
1 1 - 1 - - - - - 
1 1 - 1 - - - - - 
1 _ 1 - - _ - - - 
1 - 1 1 - - - - - 
1 1 - - _ - - - - 
1 1 _ - - _ - - - 
1 _ , - - - - - - 
1 * - 1 - - - - - 
1 _ 1, - - _ - - - 
1 - 1 1 - - - - - 
5 
3 
3 
2 
3 
3 
2 
3 
2 
2 
2 
3 
2 
3 
Laves-tiling (361 
Laves-tiling (3’,6) 
k= 1 2 3 4 6 0 12 16 24 sum 
IH21 1 1 4 4 4 - 1 - - 15 
I I 
Laves-tiling (33,421 
k=I 1 2 3 4 6 8 12 16 24 1 Sum 
IH23 1 4 - 3 _ _ - - - 
1H24 1 3 - 1 - - - - - 
IH25 1 1 _ 2 - - - - - 
IH26 1 2 _ 2 - - - - - 
I I 
Laves-tiling (32.4,3,4) 
) 
I I 
Laves-tiling (3,4,6.4) 
k = 1 1 2 3 4 6 8 12 16 24 ) Sum 
31 
1H30 1 1 1 - 1 - - - - 4 
1H31 1 1 3 3 3 - 1 - - 12 
IH32 1 1 2 2 2 - 1 - - 9 
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Table 3 (contd.) 
Laves-tiling (3,6,3.6) 
) 
Laves-tiling (3.122) 
J 
k= 1 2 3 4 6 8 12 16 24 Sum 
IH46 
IH47 
IH49 
IHSO 
IHSl 
IHS2 
IH53 
IHS4 
IHSS 
IHS6 
IHS7 
IHS8 
IH59 
IH61 
IH62 
IH66 
IH67 
IH69 
IH71 
IH72 
IH73 
IH74 
IH76 
1 2 - 
1 4 - 
1 3 - 
1 5 - 
1 1 - 
1 1 - 
1 1 - 
1 s - 
1 2 - 
1 3 - 
1 2 - 
1 3 - 
1 1 - 
1 1 - 
1 1 - 
1 2 - 
1 2 - 
I 1 - 
1 1 - 
1 2 - 
1 1 - 
1 1 - 
1 1 - 
1 
2 
1 
2 
1 
1 
1 
6 
S 
6 
1 
1 
1 
2 
1 
- - - 
- - - 
- - _ 
_ - - 
- - - 
- - - 
- - - 
1 - - 
1 - - 
2 - - 
- - _ 
- - - 
- - - 
- - - 
- - - 
_ - - 
- _ - 
- - - 
- - - 
- - - 
4 
7 
5 
8 
3 
3 
3 
13 
9 
12 
4 
S 
3 
4 
3 
3 
4 
2 
4 
4 
3 
3 
3 
Laves-tiling (4*) 
Laves-tiling (4.6.12) 
k= 1 2 3 4 6 8 12 16 24 
IH77 1 3 6 5 14 4 10 - 1 
Sum 
44 
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Table 3 (contd.) 
Laves-tiling (4,fP) 
k= 1 2 3 4 6 8 12 16 24 Sum 
IH78 
IH79 
IH81 
IH82 
1 4 - 9 - 2 - - - 
1 3 - 9 - 2 - - - 
1 3 - 7 - 2 - - - 
1 3 - 8 - 2 - - - 
16 
1.5 
13 
14 
k= 
IH84 
IH8S 
IH86 
IH88 
IH90 
IH91 
IH93 
k= 
(36) 
(3’.61 
(33 42) 
(3f4,3,4) 
(3.4.6.41 
(3.6.3.6) 
(3.122) 
(44) 
(4.6.121 
(4,82) 
(6’1 
Sum: 
========: 
1 2 
Laws-tiling 1631 
3 4 6 8 12 16 24 
1 2 - 2 - - - - _ 
1 3 - 1 - - - - - 
1 1 - 2 - _ - - - 
1 1 4 3 3 - 1 - - 
1 1 - 1 _ - _ - - 
1 2 - 2 - - - - _ 
1 1 - 1 - - _ - - 
1 2 3 4 6 8 12 16 24 
14 10 6 8 - - - - - 
1 1 4 4 4 - 1 - - 
4 10 _ 8 _ _ _ _ _ 
3 4 - 10 - 1 - - - 
3 3 6 S 6 - 2 - - 
4 - 7 - 2 - _ - - 
336S6-2-- 
23 46 - 39 - 4 - - - 
1 3 6 S 14 4 10 - 1 
4 13 - 33 - 8 - - - 
7 11 4 12 3 - 1 - - 
67 104 39 129 35 17 16 - 1 
:========================_===================== 
Sum 
Sum 
38 
1s 
22 
18 
25 
13 
2s 
112 
44 
S8 
38 
408 
:===== 
Table 4. Homeochromatic classes of regular k-chromatic tilings 
Laves-tiling (36 1 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
1 
IH 1 
IH 2 
IH 3 
IH 4 
IH 5 
IH 6 
IH 7 
IH 8 
IH 9 
IHlO 
IHll 
IH12 
IH13 
IH14 
lHl5 
IH16 
IH17 
IH18 
IH20 
1 - 1 2 1 
1 - 1 2 1 
1 - 1 3 2 
1 - 1 4 4 
1 - 1 2 2 
1 - 1 4 4 
1 - 1 1 - 
1 - 1 3 3 
1 - 1 3 2 
1 - 1 2 1 
1 - 1 3 3 
1 - 1 3 2 
1 - 1 4 5 
1 - 1 4 3 
1 - 1 4 5 
1 - 1 1 - 
1 - 1 5 9 
1 - 1 2 1 
1 - 1 3 5 
2 2 4 
3 1 5 
5 3 8 
12 9 23 
5 3 11 
9 7 17 
1 2 - 
9 8 19 
6 3 8 
3 3 4 
10 9 19 
7 3 9 
1s 11 31 
9 5 12 
15 11 31 
2 4 - 
27 23 65 
5 3 5 
1s 13 34 
3 3 2 7 
3 4 1 10 
6 8 5 1s 
22 35 2s 71 
9 12 s 33 
15 20 13 43 
4 - - 5 
19 30 22 63 
7 9 5 17 
6 3 2 11 
22 30 22 67 
7 11 s 20 
27 46 29 98 
10 1.5 9 2s 
27 46 29 98 
7 - - 10 
59 103 69 225 
7 6 2 16 
32 50 30 118 
I 
Laves-tiling (3’.61 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH21 1 - 1 2 - 6 8 3 15 - - 35 
Laves-Wing (33 .4* 1 
k= / 1 2 3 4 5 6 7 8 9 10 11 12 
IH22 
IH23 
IH24 
IH25 
IH26 
1 - - 3 - 3 - 12 2 4 - 21 
1 - 1 6 6 20 15 44 38 64 45 136 
1 - - 4 - 9 - 21 3 22 - ss 
1 - 1 3 2 6 3 17 9 14 5 42 
1 - 2 10 8 32 18 64 46 98 50 206 
I 
Laws-tiling (3’,4.3.4) 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
1H27 1 - 1 4 3 8 5 18 12 19 9 43 
IH28 1 4 2 S - 18 4 22 - - - 
IH29 1 - 1 6 5 11 5 30 14 37 9 
;; 
Laws-tiling (3.4.6.41 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH30 1 - 1 - - 6 - 2 9 - - 16 
IH31 1 2 1 - 7 5 2 13 - - 26 
IH32 1 - 2 1 - 8 S 3 16 - - 32 
Table 4 (contd.) 
Laves-tiling (3.6.3.6) 
k=) 1 2 3 4 5 6 7 8 9 10 11 12 
IH33 
IH34 
IH36 
IH37 
l-21-23-6--9 
l-21-23-6--9 
1 - 2 1 - 2 3 - 6 - - 9 
1 - 2 1 - 2 3 - 6 - - 9 
Laves-tiling (3.12’) 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH38 1 - 1 1 - 6 - 2 10 - - 17 
IH39 1 - 1 2 - 5 5 2 10 - - 22 
IH40 1 - 2 2 - 7 5 3 16 - - 31 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH41 
IH42 
IH43 
IH44 
IH45 
IH46 
IH47 
IH49 
IHSO 
IH51 
IH52 
IH53 
IH54 
lH55 
IH56 
IH57 
IH58 
IH59 
IH61 
IH62 
IH64 
IH66 
IH67 
IH68 
IH69 
IH71 
IH72 
IH73 
IH74 
IH76 
1 
I 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
t 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
1 
2 
1 
1 
2 
2 
2 
1 
2 
2 
3 
2 
2 
2 
1 
2 
1 
2 
2 
3 2 4 
5 8 
4 2 7 
4 3 6 
4 1 6 
4 4 9 
8 6 19 
5 I 10 
8 - 16 
4 3 8 
4 2 6 
5 5 10 
8 - 14 
5 2 6 
5 5 
8 8 21 
9 6 18 
3 2 5 
4 2 5 
11 9 26 
8 5 16 
10 9 26 
9 7 23 
5 4 10 
6 7 18 
7 4 11 
12 8 36 
6 4 9 
8 9 24 
13 10 41 
2 
5 
3 
8 
16 
10 
3 
16 
8 
17 
14 
6 
14 
3 
16 
3 
18 
18 
6 4 6 3 10 
14 1 13 - 27 
9 6 10 5 17 
9 7 9 6 16 
11 4 9 4 20 
17 15 23 17 44 
34 27 47 30 92 
19 4 21 4 43 
30 3 34 - 74 
14 10 15 9 31 
11 7 11 5 21 
18 16 21 14 44 
36 1 32 - 78 
16 3 16 - 27 
17 2 12 - 22 
42 36 60 42 119 
38 18 41 18 85 
7 6 8 5 12 
14 3 15 - 23 
55 38 74 42 142 
28 14 30 14 57 
50 37 66 39 135 
45 30 63 34 127 
13 11 16 10 26 
35 31 51 34 104 
25 9 27 5 51 
81 40 107 42 236 
19 8 22 5 34 
50 41 71 46 145 
100 47 131 46 289 
Laves-tiling (4’) 
Lams-tiling (4.6,121 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH77 1 1 1 1 - 18 - 7 10 - - 61 
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Table 4 (contd.) 
Laves-tiling (4.8’) 
k= ( 1 2 3 4 5 6 7 8 9 10 11 12 
IH78 1 1 - 8 - 11 - 39 2 26 - 76 
IH79 1 1 - 6 3 S - 24 4 23 - 42 
IH81 1 1 - 6 - 5 - 23 3 13 - 31 
IH82 1 1 - 13 3 17 - 73 8 59 - 133 
I 
Laws-tiling (b3) 
k: 1 1 2 3 4 5 6 7 8 9 10 11 12 
IH83 1 1 1 6 3 8 5 19 9 13 9 32 
IH84 1 1 1 5 4 11 9 23 18 28 21 S8 
IH85 1 1 1 7 3 14 S 28 10 31 9 66 
IH86 1 1 2 6 5 11 8 24 16 23 14 53 
IH88 1 1 1 2 - 5 5 3 9 - - 23 
IH90 1 1 2 6 4 15 13 25 27 28 21 81 
IH91 1 1 3 13 11 37 23 71 53 107 59 217 
IH93 1 1 3 10 6 27 16 45 35 62 26 152 
k= 1 1 2 3 4 S 6 7 8 9 10 11 12 
(36) 19 - 19 55 53 160 123 305 292 431 275 952 
(3’,6) 1 - 1 2 - 6 8 3 1.5 - - 35 
(33 42) 
(32,k,3,4, 
S - 4 26 16 70 36 158 98 202 100 460 
3 - 2 14 10 24 10 66 30 78 18 1SO 
(3.4.6.4) 3 - S 2 - 21 10 7 38 - - 74 
(3.6.3.6) 4 - 8 4 - 8 12 - 24 - - 36 
(3.122) 3 - 4 5 - 18 10 7 36 - - 70 
(44) 30 30 37 19s 125 423 210 863 479 1061 479 2151 
(4.6.12) 1 1 1 1 - 18 - 7 10 - - 61 
(4.8’) 4 4 - 33 6 38 - 159 17 121 - 282 
(b3) 8 8 14 55 36 128 84 238 177 292 159 682 
Sum: 81 43 95 392 246 914 SO3 1813 1216 2185 1031 4953 
_____ =-----------------==-----------===-I======-------===========================----- 
Table 5. Homeochromatic classes of regular perfectly k-colored isohedral tilings 
Laves-tiling (3V 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IH8 1 - 1 2 1 2 2 4 3 3 2 7 
IH9 1 - 1 2 1 2 1 5 2 3 1 8 
IHIO 1 - 1 1 - - 1 - 1 - - 1 
IHII 1 - 1 1 - - 1 - 1 - - 1 
IHl2 1 - 1 2 1 1 1 4 2 1 1 5 
IH13 1 - 1 3 2 4 3 7 6 6 5 12 
IH14 1 - 1 2 1 1 1 4 2 1 1 5 
IHl5 1 - 1 2 1 2 1 4 3 2 1 7 
IH16 1 - 1 1 - 1 - - 4 - - 4 
IH17 1 - 1 2 1 1 1 4 2 1 1 5 
IHl8 1 - 1 1 - - - - 1 - - 1 
IH20 1 - 1 1 - - - - 1 - - 1 
I 
Laves-tiling (33.42) 
k= j 1 2 3 4 5 6 7 8 9 10 11 12 
IH26 1 1 - - 2 - 2 - 10 2 2 - 16 
Laves-tiling (3*.4,3.4) 
k= 1 1 2 3 4 5 6 7 8 9 10 11 12 
IH29I 1 - - 2 - 2 - 6 2 4 - 8 
Laves-Ming (3,4,6.4) 
k= 1 2 3 4 S 6 7 8 9 10 11 12 
IH32 1 - 1 - - 5 - 1 6 - - 10 
Laves-tiling (3.6.3.6) 
k= / 1 2 3 4 5 6 7 8 9 10 11 12 
IH34 1 - 2 - - 2 1 - 4 - - 5 
IH36 1 - 2 1 - 1 - - 4 - - 4 
IH37 1 - 2 - - 1 - - 3 - - 3 
Laves-tiling (3.12’) 
k= 1 2 3 4 S 6 7 8 9 10 11 12 
IH40 1 - - 1 - 4 - 1 4 - - 8 
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Table 5 (contd.) 
Laves-tiling (4’) 
k= 1 2 3 4 5 6 7 8 9 10 11 12 
IHS7 1 1 1 3 2 4 2 6 4 6 3 10 
IH58 1 1 - 3 - 5 - 6 1 6 - 11 
IH59 1 1 1 2 1 2 1 4 2 3 1 5 
IH61 1 1 - 2 1 2 - 4 1 3 - 5 
IH62 1 1 - 1 1 - - 1 1 1 - - 
IH64 1 1 - 3 - 4 - 5 1 4 - 8 
IH66 1 1 1 4 2 6 3 8 6 8 5 14 
IH67 1 1 - 3 1 5 2 9 4 7 4 15 
IH68 1 12 3 2 2 2 5 3 2 2 6 
IH69 1 1 2 4 3 5 4 8 7 7 6 13 
IH71 1 1 - 3 - 3 - 7 2 4 - 8 
1H72 1 1 - 2 - 2 - 3 1 2 - 4 
IH73 1 1 - 1 - 1 - 2 1 1 - 1 
IH74 1 1 1 2 1 1 1 3 2 1 1 3 
IH76 1 1 - 1 - - - 1 1 - - - 
Laves-tiling (4.8’) 
k= ( 1 2 3 4 5 6 7 8 9 10 11 12 
IH82 1 1 - 5 - 2 - 17 1 4 - 20 
I 
Laves-tiling (63 1 
k: 1 1 2 3 4 5 6 7 8 9 10 11 12 
IH90 1 1 - 1 - 1 1 1 - - - - 
IH91 1 1 1 5 3 7 5 17 9 11 9 27 
IH93 1 1 - 1 - 1 - 1 - - - - 
k= 1 1 2 3 4 5 6 7 8 9 10 11 12 
(36) 19 - 19 38 22 51 39 100 90 99 63 241 
(3’.6) 1 - 1 2 - 6 8 3 15 - - 35 
(33 42) 
(3f4.3.4) 
5 - 2 18 8 40 18 104 54 106 50 270 
3 - 1 10 5 15 5 42 18 45 9 87 
(3,4,6,4) 3 - 4 1 - 18 5 5 28 - - 52 
(3,6,3,6) 4 - 8 2 - 6 4 - 17 - - 21 
(3.12’) 3 - - 2 4 - 15 5 5 24 - 47 
(44) 30 30 19 113 45 176 63 333 147 334 119 669 
(4.6.12) 1 1 1 1 - 18 - 7 10 - - 61 
(4$) 4 4 - 25 3 23 - 103 10 66 - 169 
(631 8 8 7 33 18 58 38 116 71 106 62 259 
81 43 64 247 101 426 185 818 484 756 303 1911 
Table 6. Homeochromatic classes of regular perfectly k-colored 
isohedral tilings, which admit a proper rotation as a symmetry 
preserving all colors 
k= 1 2 3 4 6 8 12 16 24 Sum 
IH 4 
IH 5 
IH 6 
IH 7 
IH 0 
IH 9 
IHlO 
IHil 
IH13 
lHl5 
IH16 
IH17 
IH18 
IH20 
1 - _ _ _ - _ - _ 
f - - - - - - - - 
1 _ _ - - - - _ - 
1 - - - - - - - - 
, - - 1 - - - - - 
* _ - 1 - - - - - 
I_,------ 
* - 1 1 - - - - _ 
1 _ _ - - - - - - 
1 _ _ - - - - - - 
1 _ _ - - - - - - 
1 - - 1 _ _ - - - 
1 _ 1 - - - _ _ _ 
1 - 1 1 _ - _ - - 
1 
1 
1 
1 
2 
2 
2 
3 
1 
1 
1 
2 
2 
3 
Laves-tiling t36) 
Laves-tiling (3’,6) 
k = 1 1 2 3 4 6 8 12 16 24 1 Sum 
IH21 1-123-1-- 8 
I I 
Laves-tiltng t33,42) 
: 
Laves-tiling (32,4.3.4) 
k = 1 1 2 3 4 6 8 12 16 24 / Sum 
IH27 t - - 1 - - - - _ 2 
IH28 1 - - 3 - 1 - - - 5 
IH29 1 - - 1 - - - - - 2 
Laves-tiltng (3,4.6,4) 
k = 1 1 2 3 4 6 8 12 16 24 1 Sum 
IH30 1 - _ _ 1 - - - - 2 
IH31 1-213-l-- 8 
IH32 1-1-2-1-- 5 
Table 6 (contd.) 
Laves-tiling (3.6.3,6) 
.e 
Laves-tiling (3,12*) 
k= 1 2 3 4 6 8 12 16 24 
IH46 
IH47 
IH49 
IHSO 
IH51 
IHS2 
IH53 
IH54 
IHSS 
IH56 
IHS7 
IHSB 
IH59 
IH61 
IH62 
IH66 
IH67 
IH69 
IH71 
IH72 
IH73 
IH74 
IH76 
- - 
1 - 
- - 
1 - 
- - 
1 - 
- - 
1 - 
1 - 
1 - 
1 - 
1 - 
1 - 
1 - 
1 - 
1 - 
- - 
- - 
1 - 
1 - 
1 - 
1 - 
1 - 
- - 
1 - 
- - 
1 - 
1 - 
_ - 
2 - 
4 - 
3 - 
1 - 
1 - 
1 - 
2 - 
1 - 
- - 
- - 
2 - 
1 - 
1 - 
1 - 
1 - 
- - - 
- - - 
- - - 
- - _ 
- - - 
- _ - 
1 - - 
1 - - 
2 - - 
- - _ 
- - - 
- _ - 
- - - 
- - - 
- - - 
- - - 
- - - 
_ - - 
_ - - 
_ - _ 
_ - - 
_ - - 
Laws-tiling (4’1 
Sum 
1 
3 
1 
3 
1 
3 
1 
5 
7 
7 
3 
3 
3 
4 
3 
2 
1 
1 
4 
3 
3 
3 
3 
Laws-tiling (4.6.12) 
k = 1 1 2 3 4 6 8 12 16 24 1 Sum 
IH77 1 1 1 1 9 4 7 - 1 25 
I I 
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Table 6 (contd.) 
Laves-tiling (4.8’) 
k= 1 1 2 3 4 6 8 12 16 24 Sum 
Laves-tiling (63) 
2 3 4 6 8 12 16 24 ( Sum 
_ - 1 - - _ - - 
1 1 2 2 - 1 - - 
1 - 1 - - - - - 
_ - 1 - - _ - - 
1 _ 1 - - - - - 
k= 1 1 2 3 4 6 8 12 16 24 1 Sum 
(36) 14 _ 4 S _ - - _ _ 23 
(3’.6) 1-123-l-- 8 
(33 42) 
(3f4.3.4) 
4 _ - 3 _ - _ - _ 7 
3 _ - S - 1 - - - 9 
(3.4.6.4) 3 - 3 1 6 - 2 - - 15 
(3,6,3,6) 4 _ 6 _ 2 _ _ _ _ 12 
(3,122) 3-134-2-- 13 
(44) 23 17 - 24 - 4 - - - 68 
(4.6.12) 1 1 1 1 9 4 7 - 1 25 
(4.8*) 4 4 - 17 - 8 - - - 33 
(63) 73172-l-- 21 
Sum: 67 25 17 68’ 26 17 13 - 1 234 
2========1 ========================_======Ill====LI====== ==I== 
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affine transformation. In general this conjugation does not respect the various sets 
.hr, so that there is no reason to obtain a similar correspondence between classes 
of regular tilings in these cases. Indeed, our numerical results show that all the 
correspondences obtained by conjugation are damaged with the exception of the 
pair (IH13, IHlS}. Here, one can show that the numbers of classes of regular 
k-chromatic tilings are the same for all values of k. We omit the proof which is 
somewhat unnatural and has to be so, because the corresponding statement is no 
longer true for regular perfectly k-colored isohedral tilings (see Table 5). 
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